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0. Imtroduction

The purpose of the present paper is first to establish, for a totally real sub-
manifold of a Kaehlerian manifold, the equations of Gauss and Ricci which
contain the Bochner curvature tensor of the ambient Kaehlerian manifold, the
Weyl conformal curvature tensor and the second fundamental tensors of the
submanifold, and then to prove the following three theorems.

Theorem 1. Let M*, n > 4, be a totally umbilical, totally real submanifold
of a Kaehlerian manifold M*™ with vanishing Bochner curvature tensor. Then
M?™ is conformally flat.

Theorem 2. Let M? be a totally geodesic, totally real submanifold of a
Kaehlerian manifold with vanishing Bochner curvature tensor. Then M? is con-
formally flat.

Theorem 3. Let M*, n > 4, be a totally real submanifold of a Kaehlerian
manifold M* with vanishing Bochner curvature tensor. If the second funda-
mental tensors of M* commute, then M™ is conformally flat.

Theorem 1 generalizes a theorem of Blair [1]:

Theorem A. Let M*, n>4, be a Kaehler manifold with vanishing Bochner
curvature tensor, and let M™ be a totally geodesic, totally real submanifold of
M?*, Then M* is conformally flat.

Theorem 3 generalizes also the theorem of Blair in a different direction.

In § 1 we state some known results on Weyl and Bochner curvature tensors,
which we need in the sequel. In § 2 we establish the equations of Gauss for a
totally real submanifold of a Kaehlerian manifold and prove Theorem 1. In
§ 3 we prove Theorem 2. In § 4 we establish the equations of Ricci for a totally
real submanifold M* of a Kaehlerian manifold M** and prove Theorem 3.

1. Preliminaries

Let M*, n > 3, be an n-dimensional Riemannian manifold of class C* cov-
ered by a system of coordinate neighborhoods {U; x*}, where and in the
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sequel the indices 4, i, |, &, - - - Tun over the range {1’,2’, - - -, #'}, and let g;,
V;, K" K;; and K be the positive definite metric tensor, the operator of
covariant differentiation with respect to the Christoffel symbols {,*;} formed
with g;;, the curvature tensor, the Ricci tensor and the scalar curvature of M*
respectively.

A change of metric g;; — p°%¢;;, where p is a scalar function such that o* > 0,
is called a conformal change of metric. The Weyl conformal curvature tensor
defined by

(1.1) Cis"® = Kipi" + 8Cys — 0Coi + Ci"850 — C;"81
is invariant under a conformal change of metric, where

1 1

(1.2) Cji = — Kji + 841 5 Cr = Crg**,
n—2

K
2(n — D — 2)

g'* being the contravariant components of the metric tensor. For n = 3, C,;*
vanishes identically and the curvature tensor defined by

(1.3) iji = chji —_ VJC;“

is invariant under a conformal change of metric.

If the metric of M™ is conformal to that of a locally Euclidean space, then
M™ is said to be conformally flat. It is well known that a conformally flat
Riemannian manifold M” is characterized, for n > 3, by the vanishing of the
Weyl conformal curvature tensor C, ;;* and, for » = 3, by the vanishing of
the curvature tensor Cy ;.

Bochner [2] (see also Yano and Bochner [12]) proved

Theorem B. If a compact orientable conformally flat Riemarnnian manifold
M™ has positive definite Ricci curvature, then we have b, = 0 (0 < p < n),
where b, denotes the p-th Betti number of the manifold.

To obtain a theorem corresponding to Theorem B in a Kaehlerian manifold,
Bochner [3] (see also Yano and Bochner {12]) introduced a Kaehler analogue
of the Weyl conformal curvature tensor.

Let M*™, m > 2, be a real 2m-dimensional Kaehlerian manifold covered by
a system of coordinate meighborhoods {V'; y*}, where and in the sequel the
indices «, 2, #,v, - -+ Tun over the range {1,2, ---,2m}, and let g,,, F*,V,,
K, K,; and k be the positive definite Hermitian metric tensor, the complex
structure tensor, the operator of covariant differentiation with respect to the
Christoffel symbols {,;} formed with g,,, the curvature tensor, the Ricci tensor
and the scalar curvature of M?™ respectively. Then the Bochner curvature
tensor is defined by
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val‘ = K»pl‘ + 5:L/42 - 5;Ly1 + Ly‘g,ul - L;z‘gpl + Fy‘L:li

(1.4) , , ,
- F,u‘Lyl + Lv‘F;uI - L;‘Fui - 2(FU[IL;‘ + LppFI‘) ’
where
L,ul = —'—1*K,ul + L kg 29 Lv‘ = ng“ ’
(1.5) 2(m + 2) 8(m + D(m +2) ™
L;d = —LpaFla » L’v‘ = L:aga' H

and F,; = F,°g,,;, g** being the contravariant components of the metric tensor.
Bochner introduced this curvature tensor using a complex coordinate system.
The tensor expression (1.4) of the Bochner curvature tensor in a real coordinate
system has been given by Tachibana [7].
In the sequel, we need the following identity satisfied by the Bochner cur-
vature tensor:

VB, = —Zm[V,LM —rL,

(1.6) .
+ 8(m + 1)(m + 2)(F”‘F#2 - F#‘Ful - 12Fy,,Fz‘)V,k] s

which was obtained by Tachibana [7].

Introducing this curvature tensor, Bochner [3] (see also Yano and Bochner
[12]) proved

Theorem C. If a compact Kaehlerian manifold M*™ with vanishing Bochner
curvature tensor has positive definite Ricci tensor, then we have b,,_, = 0,
by = 1 (0 < p <m), where b, denotes the i-th Betti number of the manifold.

Concerning the analogy between the Weyl conformal curvature tensor and
the Bochner curvature tensor, see Chen and Yano [5], Takagi and Watanabe
[8], Yano [11] and Yano and Ishihara [13].

2. Equations of Gauss and the proof of Theorem 1

We assume that an r-dimensional Riemannian manifold M" is isometrically
immersed in a real 2m-dimensional Kaehlerian manifold M*™, and represent
the immersion by y* = y*(x*). We then put B, = §y*/0x¢, and denote by C,*
2m — n mutually orthogonal unit normals to M*, where and in the sequel the
indices x, y, z run over the range {(» + 1), (n 4+ 2)’, - - -, (2m)’}. Thus we have
8;: = 8.B%, where B4 = BB/, and the metric tensor in the normal bundle
is given by g,, = g,.Ci, where Ci = CC,A.

Now, if the transform of the tangent space at each point of M” by the com-
plex structure tensor F is orthogonal to the tangent space, then the submani-
fold is said to be totally real (Chen and Ogiue [4], Ludden, Okumura and
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Yano [6]). For a totally real submanifold M* we have equations of the form
2.1) F*B} = —f7C ,

2.2) FfC} = f'B,* + f7C.,

from which follows

2.3) F/B’B* =0 or F,B:# =0,

where B*, = B/jg'"g,,. ‘
Equations of Gauss and Weingarten for M* of M*™ are respectively

2.4 F,Bs = H,*Cr,
2.5) ViCf = —Hf\Bf,

where H;;* are the second fundamental tensors of M™ with respect to the nor-
mals C,5, H;%, = H;,,g" and H;,, = H;;°g,,.

From (2.4) and (2.5) we can deduce equations of Gauss for a submanifold
M™ of M*™:

(2.6) Ky = K, B + Hy* Hy® — Hy Hy®

where By¥: = B,’B#B/B",. Introduce the notation

kjiie —

(2.7) Mji.‘l; = HJzz - Hng.,' ’
where H* = lg”H,s"‘. The M ,,* are called conformal second fundamental
n

tensors of M™ with respect to the normals C,*. Indeed M;,°C,* is invariant
under a conformal change of metric of the ambient manifold (cf. Yano [9]).
We notice that M ;;” thus defined satisfies g/*M;;* = 0. A submanifold M" is
totally umbilical if and only if M,;,* = 0. Using M ;,* we rewrite (2.6) in the
form

K.;* = K, By + M, M~ — MM~ + 8M,;;"H,
2.8) - 5?MkizH.r + Mkthzgji — Mjthngi
+ H H*(3}8;: '— 0384:) ,

where Mkh_-; = Mlct:cg”z5 Mkzz = Mkzygyz and H:c = Hygy.z:'
Now transvecting (1.4) with By7. and using (2.3) for a totally real sub-
manifold, we obtain s

. <Ruih n 2 7 2
B,,; B;”:'}zi): = K, Bt + 5kLp1B§'i — %L ,.By + L,uzB'éfgthgji — L,‘zB'}fgmgki s
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and consequently we can write (2.8) in the form:
K,;" = B, B — GiL.B% + §iL,.Bi — L,.Biig*"g,
2.9 + L,.B%g'*g,, + M,* .M, * — MM, * + &M ;;"H,
- 5’;MkiIHz + Mt H*g;; — M H*g,; + H H*(538;; — 0384:) -

From (2.9), contracting with respect to 4 and & and remembering M,’, =0,

we find
(2.10) K;; = B, B:Bj; — (n — 2)L,.B}; — L,,B*g;;
— MM, + n— DM ;*H, + (n — 1)H_H%g;, ,

where B2 = BB’  and B* = B#g#*. Transvecting (2.10) with g?* gives

1 1
LB = — K B, B:B¥
“ =D 2D "
(2.11) )
- M/ Mg+ 2H.H
D T3
Substituting (2.11) in (2.10), we find
1 1
L.B% =C; + — B, BB — B, B:B¥g,;
i = R T e T D=
1 1
_ M'ZIM ix M txM sz ”
2.12) 2 T e T D=y

+ MH, + —;-Hzﬂzgﬁ .

Substituting (2.12) in (2.9) yields

Cusi® = B Befh — — | 81B, BB — 818, BBy
+ B BBiig"s: — B BBris 8]
+ at—ﬁl(n—ZT)B,,,:B:BM(aZgﬁ — S8
(2.13) - + MM F — M2 M

+ ;éi[azthzMziI — MM,
+ M M g, — MM gyl

1
T Dy MG — g -
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These are equations of Gauss for a totally real submanifold M™* of a Kaehlerian
manifold M** (cf. Yano [9]).

From (2.13) we see that if the Bochner curvature tensor of the ambient
Kaehierian manifold vanishes, and the totally real submanifold M* is totally
umbilical, that is, M;;* = 0, then we have C,;;* = 0, which gives the proof
of Theorem 1.

3. Totally geodesic, totally real submanifold and the proof of Theorem 2
For a totally geodesic, totally real submanifold, from (2.12) we have

1

‘B:B% — ———B,
TE T2 —1 "

(. LB =Cy + ——[B., BB,

On the other hand, transvecting (1.6) with By%: = B,’B,;*B," and using the fact
that M~ is totally geodesic and totally real, we find

(3.2 VB, By = —2mlV (L ,.B5) — V(L :Bi)]

which, together with (3.1), implies

(7.B,,)Bi = —2m[l7kcﬁ — P ,Cui
1
n —

1

n -

(3.3) +

27,‘(3,,,;3:3;5 -1 B,,,;B:Bﬂ*gﬁ)

2n — 1)

1
—-—---—————,Bp ‘B:Bﬂl z):l .
2( 1) 1’2 gk

2Vj(B,M'B:B;z -

Thus for a totally geodesic, totally real submanifold of a Kaehlerian manifold
with vanishing Bochner curvature tensor, we have

which proves Theorem 2.

4. Equations of Ricci and the proof of Theorem 3
Let M”, n > 4, be a totally real submanifold of a Kaehlerian manifold M*™.
Then we have (2.1) and (2.2). Since F,, = —F,, and consequently F,.B;*C,*
= —F,C,B/, from (2.1) and (2.2) follows

Where fz'y = f‘izgzy and fyi = fngji'
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Applying the complex structure tensor F to (2.1) and (2.2) and using these
equations, we find

4.2) fofh = o,
4.3) f¥," =0,
4.4) fiifr =0,
4.5) 1 = =0 + 1, .

(4.4) and (4.5) show that if f,* does not vanish, it defines an f-structure in the
normal bundle (see Yano [10]).

Differentiating (2.1) and (2.2) covariantly over M", and using V;Ff =
B#V F,r = 0 and the equations of Gauss and Weingarten, we find

(4.6) Hy*f* — H.f* =0,
“.7n . Vif& = —H;¥,°,
(4.8) Vif,* = H 5",
4.9) Vit = Hif® — Hyiwfy'

When n = m, which will be assumed in the sequel, we obtain f,*f,* = 57
from (4.2) and conmsequently f,f,* =0 from (4.5). Since f,, = f,°g., =
F,,.CrC; is skew-symmetric, f,* =0 and therefore (4.2), --.,(4.5) are
reduced to

(4'10) fiyfyh = 5]: s fyifiz = 5; .
f,* = 0 and (4.7) mmply that V' ;f,° = O from which follows
(4-11) Kkjyzfiy = Kkjihfhz s

where K, ;,” is the curvature tensor of the connection induced in the normal
bundle. Thus

(4-12) kayzfz‘yfhx = Kkjih. »
where K, ;,, = K, ;,°2., and K, = K; ;%85 (4.11) shows that K, ;,* =0
and K, ;;* = O are equivalent.

Now the equations of Ricci are

4.13) Kisye = K uBiiChy — Tijys

where K,,,. = K,,°g,. and
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“4.14) Tyspe = H' Hyy — Hi JHyys -
Write (1.4) in the form

(4 15) Buylt = Kyplt + gurLyZ - gptLyX + Lu:g,ul - Ly:gul + FurL‘/al

- Fp:Liz + L:::F,ul - L;:Ful - Z(FupL;t + Lz#Fz, s
where B,,,. = B,,."g..,» and transvect (4.15) with ByCj:. Then using
(4.16) F,B% =0, F,B#C}= —f;,, F,C,/C//i=0
and L), = —L,F;*, we find

B

(4 17) ypltB;#jC;‘z = KypZtBy}C;‘z + fk:LpZBg'ifyt - fja:LplBlfgfyt

+ LpZB% :zij - LyzB% :tfk:l/ .
Thus from (4.13) and (4.17) follows

Kkjya: = vaZ:B;:iC;ft - kaLszg'ffyc + fj.‘b‘LplBﬁffyt

(4.18) b v
- LyzB;tfz ij + LuzBl]"cfz fky - Tkjyz )
which and (4.12) imply

(4.19) Kyjin = B,uBiClf " — 8ual B + 8;1L.:Bi
— L,;Big;; + L,:B%.8x; — Trjyofi¥fs” -
Transvecting (4.19) with g** gives
(4.20) Ky = —B BiCafdf® — (n — DLBG — LuBog,, + Tpuef 5,

where f*2 = f,"g*, and transvecting (4.20) with g7* gives

1
4.21 LBt=—_ - (K+B-1),
( ) 7 2(}‘1—— 1)( + )

where

B = B,.BECLfYf* , T = TupafF .
Substituting (4.21) in (4.20) we find
(4.22) L.B4%=C;;—B;; — Ty,

where
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1 1
B;; = ————B, . Byt f* —_—— —Bg.,
1= P BT S
1 1
Ti=+ T'sxiysx———‘——*—T it
n= e e T e = ¢

Substituting (4.22) in (4.19) we obtain

—_ 2.
Crsin = BLuBHClaf ¥ + 8unBji — 8:1Bri + Bin8ji — Bjn8s

{4.23)
+ Tesyal ¥n" + 8enTl7e — 8inTre + Tin&ss — T in8ie »

where Cp i = Cy;:°8:5- These are the equations of Ricci for a totally real sub-
manifold M* of a Kachlerian manifold M*?,

From the equations of Ricci it follows that if B,,,, = 0 and T,;,, = 0, then
Crsin = 0, which proves Theorem 3.
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